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Recent works show that the original Kobayashi-Maskawa (KM) form of fermion mixing matrix
exhibits some advantages, especially when discussing problems such as unitarity boomerangs and
maximal CP violation hypothesis. Therefore, the KM form of fermion mixing matrix is systemat-
ically studied in this paper. Starting with a general triminimal expansion of the KM matrix, we
discuss the triminimal and Wolfenstein-like parametrizations with different basis matrices in detail.
The quark-lepton complementarity relations play an important role in our discussions on describing
quark mixing and lepton mixing in a unified way.
PACS numbers: 12.15.Ff, 14.60.-z, 14.60.Pq, 14.65.-q, 14.60.Lm
I. INTRODUCTION
As it is well known, the mixing between different generations of fermions is one of the most interesting issues in
particle physics. For quarks, the mixing matrix is described by the Cabibbo[1]-Kobayashi-Maskawa[2](CKM) matrix
VCKM, and in the lepton sector, it is described by the Pontecorvo[3]-Maki-Nakawaga-Sakata[4] (PMNS) matrix UPMNS,
VCKM =

 Vud Vus VubVcd Vcs Vcb
Vtd Vts Vtb

 , UPMNS =

 Ue1 Ue2 Ue3Uµ1 Uµ2 Uµ3
Uτ1 Uτ2 Uτ3

 .
Before more underlying theory of the origin of the mixing is found, parametrizing the mixing matrices properly is
helpful to understanding the mixing pattern and search for deviations from the standard model both theoretically
and experimentally. A commonly used form of the fermion mixing matrix is the standard parametrization proposed
by Chau and Keung (CK) [5]
VCK =

 1 0 00 c23 s23
0 −s23 c23



 c13 0 s13e
−iδCK
0 1 0
−s13eiδCK 0 c13



 c12 s12 0−s12 c12 0
0 0 1


=

 c12c13 s12c13 s13e
−iδCK
−s12c23 − c12s23s13eiδCK c12c23 − s12s23s13eiδCK s23c13
s12s23 − c12c23s13eiδCK −c12s23 − s12c23s13eiδCK c23c13

 , (1)
where sij = sin θij and cij = cos θij (i, j = 1, 2, 3) are the rotation angles, and δCK is the CP-violating phase in the
CK parametrization.
Recently, it has been pointed out in many works [6–8] that the original Kobayashi-Maskawa (KM) [2] matrix is
convenient when discussing problems such as unitarity boomerangs [6] and maximal CP violation hypothesis [9]. The
original KM mixing matrix is given by
VKM =

 1 0 00 c2 −s2
0 s2 c2



 c1 −s1 0s1 c1 0
0 0 eiδKM



 1 0 00 c3 s3
0 s3 −c3


=

 c1 −s1c3 −s1s3s1c2 c1c2c3 − s2s3eiδKM c1c2s3 + s2c3eiδKM
s1s2 c1s2c3 + c2s3e
iδKM c1s2s3 − c2c3eiδKM

 , (2)
in which si = sin θi, ci = cos θi (i = 1, 2, 3) are Euler angles, and δKM is the CP-violating phase in the KM
parametrization.
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2If neutrinos are of the Majorana type, there should be an additional diagonal matrix with two Majorana phases
P = diag(eiα1/2, eiα2/2, 1) multiplied to Eqs. (2) and (1) from the right. In this paper, we consider the neutrinos
as Dirac neutrinos, and the presentation of formalisms for Majorana neutrinos can be derived straightforwardly by
including the additional phases. In the following, we omit the subscript CK and KM since we deal with only the KM
form. We also denote parameters in the quark sector with superscript Q and in the lepton sector with superscript L
if necessary (except for the CP-violating phases in expressions with the consideration of concinnity, and bearing in
mind that δQ appears in VCKM while δ
L appears in UPMNS ).
The magnitudes of the CKM matrix elements have been well determined with [10]

 0.97428± 0.00015 0.2253± 0.0007 0.00347
+0.00016
−0.00012
0.2252± 0.0007 0.97345+0.00015−0.00016 0.0410+0.0011−0.0007
0.00862+0.00026−0.00020 0.0403
+0.0011
−0.0007 0.999152
+0.000030
−0.000045

 . (3)
With |Vud|, |Vub|, |Vtd| and |Vcb| as input parameters, one can easily get the ranges for the angle parameters as
θQ1 = 0.2273
+0.0011
−0.0003, θ
Q
2 = 0.0383
+0.0011
−0.0010, θ
Q
3 = 0.0154
+0.0008
−0.0006, δ
Q = 90.33◦+2.85
◦
−4.57◦ . (4)
The last equation apparently implies that the KM phase convention is consistent with the maximal CP violation
hypothesis.
For lepton mixing, the ranges for the PMNS matrix elements have been also constrained by (at 3σ level) [11]

 0.77− 0.86 0.50− 0.63 0.00− 0.220.22− 0.56 0.44− 0.73 0.57− 0.80
0.21− 0.55 0.40− 0.71 0.59− 0.82

 . (5)
Since the data are not accurate enough here, we do not calculate the parameters for leptons as what we do for quarks.
Instead, the numerical results are presented in Sec. III and Sec. IV where unified description of quark mixing and
lepton mixing are discussed.
When studying mixing, it is useful to parametrize the matrix according to the hierarchical structure of the mixing
to reveal more physical information about the underlying theory. The Wolfenstein parametrization for quarks is a
famous example of this type, where VCKM is parametrized as [12]
VCKM =

 1−
1
2λ
2 λ Aλ3(ρ− iη)
−λ 1− 12λ2 Aλ2
Aλ3(1 − ρ− iη) −Aλ2 1

+O(λ4) . (6)
The up-to-date fit for the Wolfenstein parameters gives [10]
λ = 0.2253± 0.0007 , A = 0.808+0.022−0.015 ,
ρ(1− λ2/2 + . . .) = 0.132+0.022−0.014 , η(1 − λ2/2 + . . .) = 0.341± 0.013 . (7)
The Wolfenstein parametrization is actually an expansion of VCKM around the unit matrix basis with λ as the
expanding parameter. In this type of parametrization, the choice of the parameters and where to put them are
arbitrary, making the meaning of the parameters subtle to some extent. For example, the CP-violating phase δ is not
independent, i.e., it is determined by two parameters η and ρ with tan δ = η/ρ. Therefore it would be better to expand
the mixing matrix using small parameters with explicit physical meaning. A good choice is the idea of triminimal
parametrization [13] with an approximation as the basis matrix to the lowest order. The triminimal expansion of the
quark and lepton mixing pointed out a new way to parametrize the mixing matrix with all angle parameters small,
and with the CP-violating phase parameter free from others. The parameters are completely determined when the
basis matrix is chosen.
For quark mixing, the unit matrix is very simple while the matrix suggested in Ref. [14] given by
V ′0 =


√
2+1√
6
√
2−1√
6
0
−
√
2−1√
6
√
2+1√
6
0
0 0 1

 (8)
is more close to experimental data so that they are both good choices.
3In lepton sector, it has been common to choose the bimaximal matrix [15] and/or the tri-bimaximal matrix [16] as
the basis matrices
Ubi =

 1/
√
2 1/
√
2 0
−1/2 1/2 1/√2
1/2 −1/2 1/√2

 , Utri =

 2/
√
6 1/
√
3 0
−1/√6 1/√3 1/√2
1/
√
6 −1/√3 1/√2

 . (9)
Although the former one is not favored by present experimental data as the later one, it looks more symmetric
with also a possible connection with the unit basis in quark mixing [17]. The tri-bimaximal basis is very close to
experimental data and can serve as a good approximation for lepton mixing.
Although it seems that the mixing of quarks and leptons are unrelated with each other, there indeed exist phe-
nomenological relations between mixing angles called quark-lepton complementarity (QLC) [18]. For KM parameters,
the QLC relations still stand [7, 19],
θQ1 + θ
L
1 =
π
4
, θQ2 + θ
L
2 =
π
4
, θQ3 ∼ θL3 ∼ 0 . (10)
It has been discussed that the quark mixing matrix and the lepton mixing matrix can be parametrized in a unified
way with the QLC relations [20]. However, the discussions in Ref. [20] are based on the CK phase convention.
Since the KM form of mixing matrices is promoted in many works, a detailed study of it is necessary, and unified
parametrizations in KM phase convention may be helpful in both theoretical and phenomenological studies.
The outline of this paper is as follows. In Sec. II, the general expressions of triminimal expansion of the KM
matrix are presented. In Sec. III, we study the triminimal parametrization with unit matrix and bimaximal matrix
as the basis for quarks and leptons respectively. Wolfenstein-like parametrizations are also discussed and numerical
results of the parameters are presented. In Sec. IV, triminimal and Wolfenstein-like parametrizations are discussed in
tri-bimaximal pattern. We show that the expansions converge much faster in both quark sector and lepton sector. In
both Sec. III and Sec. IV, QLC relations play an important role in our discussions of parametrizing VCKM and UPMNS
in a unified way. Finally, we present our conclusions in Sec. V.
II. THE GENERAL RESULTS OF TRIMINIMAL EXPANSION OF KM MATRIX
The idea of the triminimal parametrization [13] is to express a mixing angle in the mixing matrices as the sum of
a zeroth order angle θ0 and a small perturbation angle ǫ as
θ1 = θ
0
1 + ǫ1, θ2 = θ
0
2 + ǫ2, θ3 = θ
0
3 + ǫ3. (11)
With the deviations ǫi, one can expand the mixing matrices in powers of ǫi while different choices of θ
0
i lead to different
matrices as the zeroth order of the expansion. Generally, to the second order of ǫi, the mixing matrix is expanded as
V =

 c
0
1 −s01c03 −s01s03
s01c
0
2 c
0
1c
0
2c
0
3 − s02s03eiδ c01c02s03 + s02c03eiδ
s01s
0
2 c
0
1s
0
2c
0
3 + c
0
2s
0
3e
iδ c01s
0
2s
0
3 − c02c03eiδ

+ ǫ1

 −s
0
1 −c01c03 −c01s03
c01c
0
2 −c02c03s01 −c02s01s03
c01s
0
2 −c03s01s02 −s01s02s03


+ ǫ2

 0 0 0−s01s02 −c01c03s02 − c02s03eiδ −c01s02s03 + c02c03eiδ
c02s
0
1 c
0
1c
0
2c
0
3 − s02s03eiδ c01c02s03 + c03s02eiδ


+ ǫ3

 0 s
0
1s
0
3 −c03s01
0 −c01c02s03 − c03s02eiδ c01c02c03 − s02s03eiδ
0 −c01s02s03 + c02c03eiδ c01c03s02 + c02s03eiδ

+ 1
2
ǫ21

 −c
0
1 c
0
3s
0
1 s
0
1s
0
3
−c02s01 −c01c02c03 −c01c02s03
−s01s02 −c01c03s02 −c01s02s03


+
1
2
ǫ22

 0 0 0−c02s01 −c01c02c03 + s02s03eiδ −c01c02s03 − c03s02eiδ
−s01s02 −c01c03s02 − c02s03eiδ −c01s02s03 + c02c03eiδ


+
1
2
ǫ23

 0 c
0
3s
0
1 s
0
1s
0
3
0 −c01c02c03 + s02s03eiδ −c01c02s03 − c03s02eiδ
0 −c01c03s02 − c02s03eiδ −c01s02s03 + c02c03eiδ

+ ǫ1ǫ2

 0 0 0−c01s02 c03s01s02 s01s02s03
c01c
0
2 −c02c03s01 −c02s01s03


+ ǫ2ǫ3

 0 0 00 c01s02s03 − c02c03eiδ −c01c03s02 − c02s03eiδ
0 −c01c02s03 − c03s02eiδ c01c02c03 − s02s03eiδ

+ ǫ1ǫ3

 0 c
0
1s
0
3 −c01c03
0 c02s
0
1s
0
3 −c02c03s01
0 s01s
0
2s
0
3 −c03s01s02


+ O(ǫ3i ) , (12)
4where s0i = sin θ
0
i and c
0
i = cos θ
0
i .
The rephasing invariant quantity J [21] given by
J = Im(V11V22V
∗
12V
∗
21) = s
2
1s2s3c1c2c3 sin δ (13)
is independent of phase convention, making it important when discussing CP violation. Expanding J with ǫi to the
second order gives
J = J0(1 + ǫ1(3 cot 2θ
0
1 + csc 2θ
0
1) + 2ǫ2 cot 2θ
0
2 + 2ǫ3 cot 2θ
0
3 +
1
4
ǫ21(9 cos 2θ
0
1 − 5) csc2 θ01
− 2ǫ22 − 2ǫ23 + 2ǫ1ǫ2(3 cos 2θ01 + 1) cot 2θ02 csc 2θ01 + 4ǫ2ǫ3 cot 2θ02 cot 2θ03
+ 2ǫ1ǫ3(3 cos 2θ
0
1 + 1) cot 2θ
0
3 csc 2θ
0
1) +O(ǫ3i ) , (14)
in which J0 = (s
0
1)
2s02s
0
3c
0
1c
0
2c
0
3 sin δ.
The general form Eqs. (12) and (14) look quite complicated since they are simple expansions in mathematics. We
can simplify the general expansion by taking θ03 = 0 because θ
0
3 is small in both quark and lepton sectors. In this
case, the result is
V =

 c
0
1 −s01 0
s01c
0
2 c
0
1c
0
2 s
0
2e
iδ
s01s
0
2 c
0
1s
0
2 −c02eiδ

+ ǫ1

 −s
0
1 −c01 0
c01c
0
2 −c02s01 0
c01s
0
2 s
0
1s
0
2 0

+ ǫ2

 0 0 0−s01s02 −c01s02 c02eiδ
c02s
0
1 c
0
1c
0
2 s
0
2e
iδ


+ ǫ3

 0 0 −s
0
1
0 −s02eiδ c01c02
0 c02e
iδ c01s
0
2

+ 1
2
ǫ21

 −c
0
1 s
0
1 0
−c02s01 −c01c02 0
−s01s02 −c01s02 0

+ 1
2
ǫ22

 0 0 0−c02s01 −c01c02 −s02eiδ
−s01s02 −c01s02 c02eiδ


+
1
2
ǫ23

 0 s
0
1 0
0 −c01c02 −s02eiδ
0 −c01s02 c02eiδ

+ ǫ1ǫ2

 0 0 0−c01s02 s01s02 0
c01c
0
2 −c02s01 0

 + ǫ2ǫ3

 0 0 00 −c02eiδ −c01s02
0 −s02eiδ c01c02


+ ǫ1ǫ3

 0 0 −c
0
1
0 0 −c02s01
0 0 −s01s02

+O(ǫ3i ) , (15)
and the Jarlskog parameter reduces to
J = sin δ(ǫ3c
0
1c
0
2(s
0
1)
2s02 + ǫ2ǫ3c
0
1(s
0
1)
2 cos 2θ02 −
1
8
ǫ1ǫ3 sin 2θ
0
2(s
0
1 − 3 sin 3θ01)) .
(16)
These expressions for mixing matrix and Jarlskog parameter are still complicated, making it difficult to capture
physical meanings from them. A good choice of the zeroth order matrix V0 will simplify the parametrization greatly,
lead to fast convergency of the expansion, reflect the physical insight of a parametrization, and provide hints for
underlying theory producing the mixing. Therefore, in the following two sections, different basis matrices will be
applied to make the expansions simpler and useful for both theoretical and experimental analysis.
III. PARAMETRIZATION OF KM MATRIX WITH UNIT AND BIMAXIMAL BASIS MATRICES
A. The triminimal expansion
Since VCKM is close to the unit matrix shown by Eq. (3), we can naturally set
θ0Q1 = θ
0Q
2 = θ
0Q
3 = 0 , (17)
and consequently have
ǫQ1 = θ
Q
1 = 0.2273
+0.0011
−0.0003, ǫ
Q
2 = θ
Q
2 = 0.0383
+0.0011
−0.0010, ǫ
Q
3 = θ
Q
3 = 0.0154
+0.0008
−0.0006 , (18)
which show that (ǫQ1 )
2 ∼ ǫQ2 ∼ ǫQ3 . In most cases the approximation to the second order of ǫi is enough. However, in
order to keep the consistency of magnitudes in the expansion, we display all terms of O((ǫQ1 )3) in our parametrization,
5which is given by
VCKM =


1− (ǫ
Q
1
)2
2 ǫ
Q
1 − (ǫ
Q
1
)3
6 e
−iδǫQ1 ǫ
Q
3
(ǫQ
1
)3
6 − ǫQ1 1−
(ǫQ
1
)2
2 ǫ
Q
2 + e
−iδǫQ3
ǫQ1 ǫ
Q
2 −ǫQ2 − eiδǫQ3 1

+O((ǫQ1 )4) , (19)
where the rephasing of quark fields
c→ ceiπ, s→ seiπ, b→ bei(π+δ) (20)
is implied to make the lowest order be unit matrix.
Before moving on to lepton sector, we need to talk about the QLC relations in Eq. (10) here. In terms of triminimal
parameters, it is natural to rewrite Eq. (10) as
θ0Q1 + θ
0L
1 =
π
4
, θ0Q2 + θ
0L
2 =
π
4
, θ0Q3 = θ
0L
3 = 0, (21)
and recognize all ǫQi and ǫ
L
i as small deviations. Therefore, corresponding to the choice in quark sector Eq. (17), we
have
θ0L1 = θ
0L
2 =
π
4
, θ0L3 = 0 , (22)
in lepton sector. Similar redefinition of lepton fields
µ→ µeiπ, νµ → νµeiπ, ντ → ντei(π+δ) (23)
is also implied to adjust the phases. To the second order of ǫLi , lepton mixing matrix is expanded as
UPMNS =


1√
2
1√
2
0
− 12 12 1√2
1
2 − 12 1√2

+ ǫL1

 −
1√
2
1√
2
0
− 12 − 12 0
1
2
1
2 0

+ ǫL2

 0 0 012 − 12 1√2
1
2 − 12 − 1√2

+ ǫL3


0 0 e
−iδ
√
2
0 − eiδ√
2
e−iδ
2
0 − eiδ√
2
− e−iδ2


+
(ǫL1 )
2
2

 −
1√
2
− 1√
2
0
1
2 − 12 0− 12 12 0

+ (ǫL2 )2
2

 0 0 012 − 12 − 1√2
− 12 12 − 1√2

 + (ǫL3 )2
2


0 − 1√
2
0
0 − 12 − 1√2
0 12 − 1√2


+
ǫL1 ǫ
L
2
2

 0 0 01 1 0
1 1 0

+ ǫL2 ǫL3


0 0 0
0 − eiδ√
2
− e−iδ2
0 e
iδ
√
2
− e−iδ2

+ ǫL1 ǫL3


0 0 e
−iδ
√
2
0 0 − e−iδ2
0 0 e
−iδ
2

+O((ǫLi )3) . (24)
As we expect, the zeroth order is the bimaximal matrix Ubi.
B. Wolfenstein-like parametrization
We now compare the triminimal parametrization with the Wolfenstein parametrization in quark sector. Since the
original Wolfenstein parametrization takes the same phase convention as the standard CK form [20], which implies
different choice of parameters, especially the CP-violating phase δ, it is complicated to arrive at the Wolfenstein
parametrization from the triminimal expansion of KM matrix by adjusting the phases of the fields. Therefore, we
only keep the original Wolfenstein expanding parameter λ, which satisfies λ = sin θQ1 ≈ ǫQ1 − (ǫ
Q
1
)3
6 , and introduce two
new parameters with
fλ2 = sin θQ2 ≈ ǫQ2 , hλ2 = sin θQ3 ≈ ǫQ3 . (25)
The CP-violating phase δ has clear physical meaning so we naturally keep it. Finally, by substituting them into
Eq. (19), we obtain a new Wolfenstein-like parametrization, given by
VCKM =

 1−
λ2
2 λ e
−iδhλ3
−λ 1− λ22 (f + e−iδh)λ2
fλ3 −(f + eiδh)λ2 1

 , (26)
6which is a new simple form of quark mixing matrix given in our recent work [22]. Direct calculation of fλ3 = |Vtd|,
hλ3 = |Vub| and |f + e−iδQh|λ2 = |Vcb| with the latest data (3) and (7) gives
λ = 0.2253± 0.0007, h = 0.303+0.014−0.010, f = 0.754+0.022−0.018, δQ = 90.97◦+2.77
◦
−4.44◦ , (27)
which are slightly different from the results in Ref. [22] where previous data are used. This new form of quark mixing
matrix preserves the hierarchical structure of the mixing. More importantly, it is convenient for numerical analysis,
especially for constraint of the CP-violating phase. Along with unitarity boomerangs it may be useful to study the
presence of new physics.
To get unified Wolfenstein-like parametrizations for quark and lepton mixing, we need to use the QLC relations
Eq. (10), of which the first two equations lead to the choice of the parameters in the lepton sector as
θL1 = π/4− arcsinλ, θL2 = π/4− arcsinfλ2, (28)
i.e., parameters λ and f , which we introduce in quark sector are also employed in lepton sector. The other two
parameters are one angle parameter related to θL3 and a CP-violating phase δ
L. Since the experimental data for the
small angle θL3 is not accurate enough, we can either set θ
L
3 = ηλ or θ
L
3 = η
′λ2 depending on the value of |Ue3|. We
now discuss these two cases separately.
Case 1: θL3 = ηλ
The lepton mixing matrix can be expanded in order of λ as
UPMNS =


1√
2
1√
2
0
− 12 12 1√2
1
2 − 12 1√2

 + λ


1√
2
− 1√
2
e−iδη√
2
1
2
1
2 − e
iδη√
2
1
2e
−iδη
− 12 − e
iδη√
2
− 12 − 12e−iδη


+ λ2


− 1
2
√
2
− η2
2
√
2
− 1
2
√
2
− e−iδη√
2
1
4 − f2 − η
2
4 +
f
2 − 14 − η
2
2
√
2
+ 12e
−iδη − f√
2
− f2 − 14 η
2
4 +
f
2 +
1
4 − (η
2
2
√
2
− 12e−iδη + f√2


+ λ3


0 η
2
2
√
2
− e−iδη3
6
√
2
− e−iδη′
2
√
2
f
2
eiδη3
6
√
2
− η24 + e
iδfη√
2
+ f2 − 112e−iδη3 − 14e−iδη + 12e−iδfη
f
2
eiδη3
6
√
2
+ η
2
4 − e
iδfη√
2
+ f2
1
12e
−iδη3 + 14e
−iδη + 12e
−iδfη

+O(λ4) . (29)
With the modulus of the element Ue3 in Eq. (5) and the results for λ and f in Eq. (27), the new parameter is
constrained by 0 < η < 1.923.
Case 2: θL3 = η
′λ2
In this case the expansion looks simpler since η′ only starts to appear in O(λ2) terms:
UPMNS =


1√
2
1√
2
0
− 12 12 1√2
1
2 − 12 1√2

+ λ


1√
2
− 1√
2
0
1
2
1
2 0− 12 − 12 0

+ λ2


− 1
2
√
2
− 1
2
√
2
e−iδη′√
2
1
4 − f2 f2 − e
iδη′√
2
− 14 12e−iδη′ − f√2
− f2 − 14 f2 − e
iδη′√
2
+ 14
f√
2
− 12e−iδη′


+ λ3


0 0 − e−iδη′√
2
f
2
f
2
1
2e
−iδη′
f
2
f
2 − 12e−iδη′

+O(λ4) . (30)
However, we have a larger range in this case with 0 < η′ < 7.912.
To the lowest order the Jarlskog parameter in both quark and lepton sectors is given by
JQ = Im(VusVcbV
∗
ubV
∗
cs) = fhλ
6 sin δQ,
JL = Im(Ue2Uµ3U
∗
e3U
∗
µ2) =
1
4
√
2
ηλ sin δL,
JL = Im(Ue2Uµ3U
∗
e3U
∗
µ2) =
1
4
√
2
η′λ2 sin δL . (31)
The last two equations correspond to the two cases respectively.
7IV. PARAMETRIZATION OF THE KM MATRIX IN TRI-BIMAXIMAL PATTERN
A. The triminimal expansion
Present data of the PMNS matrix indicate that the mixing in the lepton sector is closer to the tri-bimaximal mixing.
One would have a much faster convergent expansion if it starts with a tri-bimaximal mixing form as the basis, which
implies again the rephasing of lepton fields in Eq. (23) and the choice of θ0Li as
θ0L1 = arcsin
1√
3
, θ0L2 =
π
4
, θ0L3 = 0 . (32)
Under such conditions, the lepton mixing matrix expanded to the second order of ǫLi is given by
UPMNS =


√
2
3
1√
3
0
− 1√
6
1√
3
1√
2
1√
6
− 1√
3
1√
2

 + ǫL1


− 1√
3
√
2
3 0
− 1√
3
− 1√
6
0
1√
3
1√
6
0

+ ǫL2

 0 0 01√
6
− 1√
3
1√
2
1√
6
− 1√
3
− 1√
2


+ ǫL3


0 0 e
−iδ
√
3
0 − eiδ√
2
e−iδ√
3
0 − eiδ√
2
− e−iδ√
3

+ (ǫ
L
1 )
2
2


−
√
2
3 − 1√3 0
1√
6
− 1√
3
0
− 1√
6
1√
3
0

+ (ǫL2 )2
2

 0 0 01√
6
− 1√
3
− 1√
2
− 1√
6
1√
3
− 1√
2


+
(ǫL3 )
2
2


0 − 1√
3
0
0 − 1√
3
− 1√
2
0 1√
3
− 1√
2

+ ǫL1 ǫL2

 0 0 01√
3
1√
6
0
1√
3
1√
6
0

+ ǫL2 ǫL3


0 0 0
0 − eiδ√
2
− e−iδ√
3
0 e
iδ
√
2
− e−iδ√
3


+ ǫL1 ǫ
L
3


0 0
√
2
3e
−iδ
0 0 − e−iδ√
6
0 0 e
−iδ
√
6

+O((ǫLi )3) . (33)
With Eq. (21) as our guide, we get the zeroth order of mixing angles in the quark sector as
θ0Q1 = arcsin
√
2− 1√
6
, θ0Q2 = 0, θ
0Q
3 = 0 . (34)
In this case the deviations are
ǫQ1 = 0.0574
+0.0010
−0.0003, ǫ
Q
2 = 0.0383
+0.0011
−0.0010, ǫ
Q
3 = 0.0154
+0.0008
−0.0006 , (35)
according to Eq. (4). Thus ǫQi ∼ O(10−2), and we have a faster convergent expansion for quark mixing as
VCKM =


√
2+1√
6
√
2−1√
6
0
−
√
2−1√
6
√
2+1√
6
0
0 0 1

+ ǫQ1


−
√
2−1√
6
√
2+1√
6
0
−
√
2+1√
6
−
√
2−1√
6
0
0 0 0

+ ǫQ2

 0 0 00 0 1√
2−1√
6
−
√
2+1√
6
0


+ ǫQ3


0 0
√
2−1√
6
e−iδ
0 0
√
2+1√
6
e−iδ
0 −eiδ 0

+ (ǫ
Q
1 )
2
2


−
√
2+1√
6
−
√
2−1√
6
0
√
2−1√
6
−
√
2+1√
6
0
0 0 0

+ (ǫ
Q
2 )
2
2

 0 0 0√2−1√
6
−
√
2+1√
6
0
0 0 −1


+
(ǫQ3 )
2
2


0 −
√
2−1√
6
0
0 −
√
2+1√
6
0
0 0 −1

+ ǫQ1 ǫQ2

 0 0 00 0 0√
2+1√
6
√
2−1√
6
0

+ ǫQ2 ǫQ3

 0 0 00 −eiδ 0
0 0 −
√
2+1√
6
e−iδ


+ ǫQ1 ǫ
Q
3


0 0
√
2+1√
6
e−iδ
0 0 −
√
2−1√
6
e−iδ
0 0 0

+O((ǫQi )3) . (36)
Consistent with the results in Ref. [14], the QLC relations relate the tri-bimaximal matrix in the lepton sector with V ′0
in the quark sector, noting that they are both more close to experimental data compared with the bimaximal matrix
and unit matrix.
8B. Wolfenstein-like parametrization
Similarly with Sec. III, we now discuss the corresponding Wolfenstein-like parametrizations in both quark sector
and lepton sector in a unified way with the help of QLC relations. For quark mixing, we can employ ρ = ǫQ1 as
expanding parameter and introduce two coefficients with sρ = ǫQ2 , tρ = ǫ
Q
3 , i.e.,
θQ1 = arcsin
√
2− 1√
6
+ ρ, θQ2 = sρ, θ
Q
3 = tρ . (37)
Since the expansion around basis V ′0 converges faster than the case in Sec. III, it is accurate enough to calculate to
O(ρ2), given by
VCKM =


√
2+1√
6
√
2−1√
6
0
−
√
2−1√
6
√
2+1√
6
0
0 0 1

+ ρ


−
√
2−1√
6
√
2+1√
6
(
√
2−1)e−iδt√
6
−
√
2+1√
6
−
√
2−1√
6
s+ (
√
2+1)e−iδt√
6
(
√
2−1)s√
6
− (
√
2+1)s√
6
− eiδt 0


+ ρ2


−
√
2+1
2
√
6
− (
√
2−1)(t2+1)
2
√
6
(
√
2+1)e−iδt√
6
(
√
2−1)(s2+1)
2
√
6
− (
√
2+1)(s2+t2+1)
2
√
6
− eiδts − (
√
2−1)e−iδt√
6
(
√
2+1)s√
6
(
√
2−1)s√
6
− (
√
2+1)e−iδts√
6
− s22 − t
2
2


+ O(ρ3) . (38)
By using the data for elements Vud, Vub, Vtd and Vcb in Eq. (3), we get the ranges for the parameters with
ρ = 0.0574+0.0006−0.0007, s = 0.667
+0.020
−0.016, t = 0.268
+0.013
−0.002, δ
Q = 90.30◦+2.85
◦
−4.57◦ . (39)
As we can see here, the expanding parameter is ρ ∼ O(10−2), making the expansion converge fast as we mentioned
before, and indicating that V ′0 is indeed a good choice of basis matrix.
For the corresponding Wolfenstein-like matrix in lepton sector, by using the QLC relations in Eq. (10), we have
θL1 =
π
4
− (arcsin
√
2− 1√
6
+ ρ), θL2 =
π
4
− sρ . (40)
We still need to retain the CP-violating phase δL and to introduce a new parameter τ (or τ ′). Here similar discussions
as in Sec. III are needed depending on the value of |Ue3|.
Case 1: θL3 = τρ
To good accuracy, we expand the PMNS matrix to O(ρ2) and obtain
UPMNS =


√
2
3
1√
3
0
− 1√
6
1√
3
1√
2
1√
6
− 1√
3
1√
2

+ ρ


1√
3
−
√
2
3
e−iδτ√
3
1√
3
− s√
6
s√
3
− eiδτ√
2
+ 1√
6
e−iδτ√
3
− s√
2
− s√
6
− 1√
3
s√
3
− eiδτ√
2
− 1√
6
s√
2
− e−iδτ√
3


+ ρ2


− 1√
6
− τ2
2
√
3
− 1
2
√
3
−
√
2
3e
−iδτ
s2
2
√
6
+ s√
3
+ 1
2
√
6
− s2
2
√
3
+ e
iδτs√
2
+ s√
6
− τ2
2
√
3
− 1
2
√
3
− s2
2
√
2
+ e
−iδτs√
3
− τ2
2
√
2
+ e
−iδτ√
6
− s2
2
√
6
+ s√
3
− 1
2
√
6
s2
2
√
3
− eiδτs√
2
+ s√
6
+ τ
2
2
√
3
+ 1
2
√
3
− s2
2
√
2
+ e
−iδτs√
3
− τ2
2
√
2
− e−iδτ√
6


+ O(ρ3) . (41)
The upper bound of |Ue3| gives 0 < τ < 7.493.
Case 2: θL3 = τ
′ρ2
9The expansion to O(ρ2) is given by
UPMNS =


√
2
3
1√
3
0
− 1√
6
1√
3
1√
2
1√
6
− 1√
3
1√
2

+ ρ


1√
3
−
√
2
3 0
1√
3
− s√
6
s√
3
+ 1√
6
− s√
2
− s√
6
− 1√
3
s√
3
− 1√
6
s√
2


+ ρ2


− 1√
6
− 1
2
√
3
e−iδτ ′√
3
s2
2
√
6
+ s√
3
+ 1
2
√
6
− s2
2
√
3
+ s√
6
− eiδτ ′√
2
− 1
2
√
3
e−iδτ ′√
3
− s2
2
√
2
− s2
2
√
6
+ s√
3
− 1
2
√
6
s2
2
√
3
+ s√
6
− eiδτ ′√
2
+ 1
2
√
3
− s2
2
√
2
− e−iδτ ′√
3


+ O(ρ3) . (42)
A larger range for the parameter is obtained as 0 < τ ′ < 125.987. If we would like to control the parameters to be
O(10−1), the former case is a better choice. However, further neutrino oscillation experiments are needed to determine
|Ue3| and the parameters we adopt here.
The Jarlskog parameters in tri-bimaximal pattern are given by
JQ = Im(VusVcbV
∗
ubV
∗
cs) =
1
6
√
1
6
(3 − 2
√
2)stρ2 sin δQ,
JL = Im(Ue2Uµ3U
∗
e3U
∗
µ2) =
τρ sin δL
3
√
6
,
JL = Im(Ue2Uµ3U
∗
e3U
∗
µ2) =
τ ′ρ2 sin δL
3
√
6
. (43)
V. DISCUSSIONS AND CONCLUSIONS
In this paper, by using triminimal and Wolfenstein-like expansion techniques, we study in more detail the Kobayashi-
Maskawa matrix in both quark and lepton sectors. Our motivation is based on the consideration of the convenience
the KM form exhibits when discussing some problems such as unitarity boomerang and maximal CP violation.
In the previous two sections, we choose the unit matrix and V ′0 as basis matrices for quark mixing, while bimaximal
and tri-bimaximal matrices for lepton mixing. Naturally, a question arises here: which pattern is better, bimaximal,
or tri-bimaximal? On one hand, the bimaximal matrix is related with the unit matrix through QLC relations. The
corresponding triminimal and Wolfenstein-like expansions are both comparatively simple and symmetric. On the
other hand, compared with bimaximal matrix, the tri-bimaximal matrix is closer to the experimental data; thus, the
expansion based on it converges much faster. This can be reflected from the smallness of the triminimal angles and
the Wolfenstein-like expanding parameter. Therefore, if we are interested only in the leading order contribution, then
the tri-bimaximal matrix should be chosen. Theoretically, there have been some attempts at understanding both
bimaximal and tri-bimaximal matrices with the introduction of new symmetries to the standard model fermions.
However, we still need a more fundamental theory to decide which pattern should be used, to reveal the origin of the
mixing matrices.
The Wolfenstein-like parametrizations presented in this paper are simpler than the results in Ref. [20] and can be
transformed to triminimal expansions with relations among parameters. Here by using two sets of the Wolfenstein-like
parameters, i.e., λ, f , h, η(or η′), δQ, and δL in Sec. III and ρ, s, t, τ(or τ ′), δQ, and δL in Sec. IV, we unify the
parametrization of the KM matrix in quark and lepton sectors. The parameters in the quark sector can be well
determined with current experimental data. However, the experimental results in lepton sector, especially for |Ue3|
and the CP-violating phase δL, are far from enough.
The unified description of fermion mixing we get here results from the QLC relations in the KM form, and these
relations are only approximately valid; thus, one may doubt the validity of the results. Actually, we can discuss this
in a reversed way. By regarding these parameters for quarks and leptons as independent from each other, we can
determine the parameters with data from quark experiments and lepton oscillations separately, and check the QLC
relations. Even if the QLC relations violate, these parametrizations still stand separately in the quark sector and
lepton sector. Thus, our study is helpful in understanding the mixing phenomenologically and may provide useful
tools in searching for a profound theory on the fermion masses and mixing.
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